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EXANPLES OF CHAPTER

Example 7.1

Suppose that a matrix has 12 elements. What are the possible orders 1t can have? What 1f it has
7 elements?

Solution

The number of elements is the product of number of rows and number of columns. Therefore,

we will find all ordered pairs of natural numbers whose product i1s 12. Thus, all the possible
orders of the matrix are 1x12, 12x1, 2x6, 6x2, 3x4 and 4x3.

Since 7 1s prime, the only possible orders of the matrix are 1 x 7 and 7 x 1.

Example 7.2
Construct a 2 x 3 matrix whose (7, j)® element is given by

N3

a,="-12i-3j| (<i<2,1<j<3)

Solution

Mo iy 4y Gy
In general, a 2 x 3 matrix is given by 4 :|: }

021 022 a

3

2

“o . 3 . :
By definition of a, , we easily have a;, =—|2-3|= - and other entries of the matrix

e 3

2

A may be computed similarly. Thus, the required matrix A4 1s

&

Sk

Example 7.3

, | 3x+4y 6 x—2y 2 6 4
Findx, y, @, and b if = .
atb 2a-b -3 5 -5 3

Solution

As the orders of the two matrices are same, they are equal if and only if the corresponding
entries are equal. Thus, by comparing the corresponding elements, we get

3x+4y=2, x-2y=4, a+b=5, and 2a-b=-5.

Solving these equations, we get x=2, y=-1,a=0, and b=5.
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Example 7.4
Compute 4 + Band 4 — B if

4_{4 J5 7 35 73
T 0

1

and B =
—1 0.5

R
34

Solution

By the definitions of addition and subtraction of matrices, we have

443 245 143 4-3 0 -03
A+B= 2 and 4—B= :
0 13 L, 11

34 3 4

Example 7.5
Find the sum 4 + B+ C 1f 4, B, C are given by

sin@ 1 cos’ @ 0 0 -1
A= X ., B= X and C = :
cot-@ O —cosec @ 1 -1 0

Solution
By the definition of sum of matrices, we have

A+B+C = R )
cot"@—cosec -1 0+1+0

sin?@+cos?0+0 1+0—1}_|:1 0:|
-2 1|

Example 7.6
Determine 3B +4C — D if B, C, and D are given by

2 3 0 -1 -2 3 0 4 -1
B=| . C= ., D= .
1 -1 5 -1 0 2 56 -5

Solution
6 9 0 -4 -8 12 0o -4 1 2 -3 13
3B+4C—-D = |+ + — _
3 -3 15 -4 0 8 -5 -6 5 -6 9 28
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Example 7.7
Simplify :

secd tand tan@ sec@
secd —tan & )
tan@ sec@d secld tand

Solution
If we denote the given expression by 4, then using the scalar multiplication rule, we get

a sec’ @ secdtan @ tan> @ tanfsecd| |1 0
i sectan @ sec’ @ secftan & tan” @ 0o 1|

Example 7.8

0 ¢ b
If A=|c 0 a|, compute 4>
b a 0
Solution 0 ¢ b||0 ¢ b R
A*=44=|c 0 al|l|lc 0 a|=|cy ¢, Cn
b a O0||b a 0 Cyy C3p Cy
Example 7.9
1 1 2 ||x
Solve forxif [x 2 -1]|-1 4 1 ||2|=0
-1 -1 =2]]1
Solution
1 1 2][x]
[x 2 -1]|-1 4 1 = 0
-1 -1 2|1}
[x ]
That 1s, [x—2+1 x—8+1 2x+2+42]|2| = O
_1_.
=
[x—1 x-7 2x+4]|2| = O
._1_
¥(x—1)+2(x—T)+1(2x+4) =0
x*+3x-10 = 0 = x=-5,2.
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Example 7.10

1 -1 2 1 3
IfA=|-2 1 3| and B=|-1 1 | find AB and BA if they exist.
0 -3 4 |

Solution
The order of 4 1s 3 x 3 and the order of B 1s 3 x 2. Therefore the order of 4B 1s 3 x 2.

A and B are conformable for the product AB. Call C = 4B. Then.

¢, = (first row of 4) (first column of B)
1

= ¢;=[1 -1 2]|-1|=1+1+2=4. since ¢;1s an element.

1
B - Jxr — — — — &y —
Similarly ¢, =0.¢,, =0.¢,, =13.¢;; =7.¢;, =5.

Example 7.11
A fruit shop keeper prepares 3 different varieties of gift packages. Pack-I contains 6 apples.
3 oranges and 3 pomegranates. Pack-II contains 5 apples, 4 oranges and 4 pomegranates and
Pack —III contains 6 apples. 6 oranges and 6 pomegranates. The cost of an apple, an orange and a
pomegranate respectively are T30, T 15 and T 45. What is the cost of preparing each package of

fruats?
Solution P-I P-II P-III
6 5 6| Apples
Cost matrix 4 =[30 15 45]. Fruit matrix B={3 4 6| Oranges
3 4 6| Pomegranates

Cost of packages are obtained by computing 4B. That is, by multiplying cost of each item in 4
(cost matrix A) with number of items in B (Fruit matrix B).

6 5 6 360
AB= [30 15 45] |3 4 6| =|390
3 4 6 540

Paclk-I cost ¥ 360. Pack-II cost T 390, Pack-III costs T 540.
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b & e # Y & b + e i

Example 7.12

[T
=W
by
Il
LS
I
—
NN

4 6
It 4=]0 1
0 3

verify (i) (4B) =BTA" (ii) (A+B) =A4" +B" (iii) (4—-B) =4 —B" (iv) 34)" =347

Solution
(4 6 2]]J0 1 =1 16 2 22
6) AB=10 1 5|13 -1 4|=|-2 9 o9
0 3 2f[-1 2 1 7 1 14
16 -2 7
4BY=12 9 1 . (1)
(22 9 14
0 3 -1 4 0 0
BT = 1 2|. 4A"=l6 1 3
-1 4 1 2 5 2
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D 3 =1jf2 0 o] [16 2 7
BlAA =1 -1 2||6 1 3|=[2 9 1 -2
=7 4 T1liz 5 2l 2 9
From (1) and (2). (4B) =B"A".
[4- 6 2] 10 3 1] [4 7 1
(ii) A EB= 1 5Hl3 1 4]=|3 0 9
2 2l =1 2 1 =] 5 1
4 3 -1
(A+B)= 0 5 13
1 3
209 0] [ 3 ] 2 3 A
AT+B" =16 1 3|+|1 -1 2|=|7 0 5 . (4
2 5 2] |-1 4 1 g 3
From (3) and (4). (A4+B) =4" +B".
46 2] e 1 1] [+ 5 3
Gy 4-p=|0 % 5|13 1 4|13 2 1
0 3 2| |=1 2 1 1 11
(4 3 1
(A-BY =[5 2 1 . (5)
3 1 1
(4 0 0] [Oo 3 -1 4 -3 1
AT-BT =|6 — -1 2|=|5 2 1 .. (6)
2 5 2 |-1 4 1 3 1
From (5) and (6) (4-B) =4"-B"
12 18 6
(iv) 34=0 3 15
0 9 6
12 0 0 4 00
(34" =[18 3 9=3|6 1 3|=3(4").
6 15 6 2 5 2
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Example 7.13
1 3

Express the matrix 4= -6
4

as the sum of a symmetnc and a skew-symmetnc matrices.

(5]
LA lad LA

Solution

1
A=|-6
4

Let P=%{A+,{"]

Il

[ ]
|
Lia
(=
=
O

16 9 |=F
1 9 10|
Thus, P = %EA+A'T} 15 3 symmetnic matmx.

e
3
hﬂﬂ
Il

Pt | =t
|

Let 0= %u-af}

0 9 9
=%—9{r—3
-9 3 0]
[0 -9 —0]

Then {f=%9 0 3|=—p
19 3 0

Thus Q= %Ed— A7) is a skew-symmetric matrix.

2 31 ] 0 9 9
-3 16 9 to 9 0 3
1 9 10 |92 3 0

Thus A 15 expressed as the sum of symmetnic and skew-symmetric matrices.

A=P+0=

It | =

Example 7.14

o 12 4 | cos® sin@
-aluate - ; '
valuate : (1) 1 2 (i) —sinf cosf
Solution
2 4
@ 12‘:(2><2)—(—1><4)=4+4=8'

cosf sinf

(11)

, = (cos@cos@)—(—sinfsin @) =cos’ G+sin” B =1.
—sinf cosé

M-7
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Example 7.15

1 3 -2
Compute all minors. cofactors of 4 and hence compute [4|1f A=| 4 -5 6 |.Alsocheck
-3 5 2

that | 4 | remains unaltered by expanding along any row or any column.

Solution
-5 6
Minors : M, = 5 9 =—10-30=—40

4 6

M, = - 2=8+18=26
4 -

*Mu: =20-15=5
—3 5

—

M, = A =64+10=16
1 2 5

AMD= 3 5 =2—6=-4
|

M,, = _3 =549=14
G

M, = _ =18-10=8
1 2

M, = q o =6+8=14
1 3

M, = i =5-12=-17

Cofactors : 4 -5

A, = ()" (—40)=-40

A, = ()" (+26)=-26
A, = (-D(5)=5

Ay, = ()™ (16)=-16
A4,= (D) (—4)=—4
A,= (-)(14)=-14
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A4, = (-1)*"'(8)=8

A,= () (4)=-14

A, = (1) (-17)=-17
Expanding along R, yields

Al = apd) +apdy +azdy;

A| = 1(—40)+ (3)(=26) + (=2)(5) =—128 . . (3)
Expanding along C, yields

Al = apd, +ayndy, +ayd; .

= 1(—40)+4(-16)+-3(8)=-128 .. (4)
From (3) and (4). we have
‘Al obtained by expanding along R, is equal to expanding along C, .

Example 7.16

0 sin@  cos&
Find |4| if A=|sina 0 sin f3
cose¢ —smf 0

Solution
0 s cosd
Sin @ 0 sinff |=0M,, —sinaM,, +cosaM,;

cosad —sinfi 0
= 0—smna(0—cosasin ff)+cosa(—sinarsin f-0)=0.

Example 7.17

3 4 1
Compute 4| using Sarrus rule if A={0 -1 2
a —2. 86
Solution
4. Z1. 3 8
B =1 d 6l =1

55 )
4| = [3(=1)(6) +4(2)(5) +1(0)(-2)] —[5(-1)(1)+(-2)(2)3+6(0)(4)]
= [-18+ 404+ 0]-[-5-12+0] =22+17 =309.
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Example 7.18
(ax +a—x)2 (ax _ —I)E 1

a
If a. b, ¢ and x are positive real numbers, then show that (" +b" }2 (" -b") 1] is zero.
(c*+c™) (c"-c*) 1

Solution
4 (a:( _a I}E 1
Applying C, > C,—C,. weget |4 (b"-b*)’ 1|=0, since C, and C, are proportional.
4 (c"-c) 1

Example 7.19
Without expanding the determinants, show that | B |=2| 4 |.

b4+ec c+a a+b a b c
Where B= |c+a a+bh bitc| andd=|bh c a
b

a+b b+c c+a c a
Solution
Ha+bt+e) 2at+bte) 2Ha+bic)
We have | B|= c+a a+b b+e (R, —» B+ R, +R:)

a+b b+e¢ c+a

a+b+ec a+b+ec a+b+c
=2 c+a a+b b+e
a—+b b+re c+a

a+b+ec a+b+c a+b+c

-2 -» — —a | (R, »R,-R, andR, —R,—R)
—c —a —b
a b c
=2—b —« —a|(R >R+R +R)
— —a —b
a b ¢
=2-1*|b ¢ a
c a b
=24

Example 7.20
2014 2017 O
Evaluate | 2020 2023 1
2023 2026 0O

Solution
2014 2017 ©O 2014 2017—2014 0O 2014 3 0O 2014 1 0O
2020 2023 1|=[|2020 2023—-2020 1|=|2020 3 1| =3(2020 1 1
2023 2026 0 2023 2026—2023 0 2023 3 O 2023 1 0O

= — 3(2014 — 2023) = — 3 (— ©) = 27.

M-10
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Example 7.21
x-1 X x—2
Find the valwe of xif | 0 x—-2 x-3|=0_
0 0 x—3

Solution
Since all the entries below the principal diagonal are zero, the value of the determinant is

x—1)(x—2)(x—3)=0which givesx=12_ 3.

Example 7.22

1 1 1
Provethat | x y» z|=@&-»{y—-2)(z—x).
x! yl :2

Solution

Applying C, — C, —C,.C; — C; —C,, we get

1 0 0 1 0 0
LHS= |x y—x —x |=(y—-x)z—x)| x 1 1
¥ y-x 22-x X y4x z4x

= (=2)z-0[(z+x)-(y+x)] .
= (-x)z-x)z-») .
= (x—¥Wy—z)z—x) =RHS.

Example 7.23

x+1 3 5

Using Factor Theorem, provethat [ 2 x+2 5 |=(x—-1D(x+9).
2 3 x+4
Soluation

Let|A|=

Putting x=1 we get |4 |=

Fd [ o

3
3
3

Since all the three rows are identical. (x — 1)* is a factor of 4]

-2 3 5 a 3 5
Puttingx=—9in |4 |[weget| 4 |=| 2 -7 53 |=0 -7 5 (=0
2 3 5 a 3 -5

Therefore (x+9) is a factor of |4] [since C, — C, +C, + C,].
The product (x — 1)* (x + 9) is a factor of | 4 |. Now the determinant is a cubic polynomial in x.
Therefore the remaining factor must be a constant “&°.

x+1 3 5

Therefore | 2 x+2 5 |[=k(x—D (x+9).
2 3 x+4

Equating x* term on both sides, we get k=1 Thus | 4 |=(x — 1)  (x + 9).
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Example 7.24

1 x* x
Prove that [1 3 37 |=(x—») (3y—2) (z—x) (0 +)yz+=X).
1 2 £
Solution
1 =*
Let |4]= [t ¥ ¥
1y Y
Putting x =y gives |A]=|1 » »|=0 (sinceR, =R).
1 ¢ 2

Therefore (x — ¥) is a factor.

The given determunant i1s i cyclic symmetne form m x, y and z. Therefore (y — z) and
(z — x) are also factors.

The degree of the product of the factors (x—»)(¥—z)}z—x) 15 3 and the degree of the
product of the leading diagonal elements 1x y* %z is 3.
Therefore the other factor is k(x* + 3" + 27 )+ {(xy+ vz + =) .

1 ¥ «x
Thus 1 ¥ V| =[k(+y + )+ 0y + 4+ )= (x— ¥y -2z -x) .
1 £ 7
Putting x=0, y=1and z=2_ we get
1 00
1 1 1] =[k(0+1+4)+£(0+2+0)](=1)(1-2)2-0)
1 4 B8
= (8 —4) = [(5k+ 20))(-1(-1}2)

4=10k+4{ = 5k+2{=12. (1)
Puiting x=0,y=-1and z=1, We get

1 0 0
I 1 -1 =[E@)+£-=DIDE20D)
1 1 1
= [2k-£(-2)] =2
Wk—f=-1. --(2)
Solving (1) and (2), we get k=0.£=1.

1 ¥ x
Therefore |1 3 3 |=(x—Ny-2Nz-x)(xy+ )z + =)

] 22 2

&
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Example 7.25

(g+ry p° p’
Prove that |4 = q° (r+pYy q =2pgr (p+g+r).
r r (p+q)
Solution :
(g+r) 0 0
Taking p=0, we get |4 |= q° gt =0

r roq

Therefore, (p — 0) is a factor. That is, p is a factor

Since | 4 | is in cyclic symmetric form in p. g, » and hence g and » also factors.

Putting p+g+r=0 = g+r=—p.r+p=—gq ; andp+g=—r.

[¥]

P pp
|4|=|g* g* g° |=0since 3 columns are identical
?‘_: ri r:

Therefore, (p + g+ r)* is a factor of | 4 | .
The degree of the obtained factor pgr (p + g + 7)* is 5. The degree of | 4 | is 6.
Therefore, required factor is k{p + g+ 7).

(g+r)° P P
a (r+p)y a = k(p+qg+7) (p+qg+7) =< pgr
r r (p+q)

Taking p=1, g=1. c= 1, we get

1

4 1
1 4 1|=kQ+1+D1* @ @ (D).
1 1 4

416 — 1) — 1(4 — 1)+ 1(1 — 4) =27k
60 —3 _3=27Tk = k=2
| A |=2pgr(p+q+r).

Example 7.26

1 1 1

In a triangle ABC, if 1+ sin A4 1+sin B 1+ sinC =0,

sin A(l +sin 4) s B(1+sinB) sinC(1+ sin )
prove that A 4B 15 an 1sosceles tniangle.

Solution :
By putting sin 4 =sin 8, we gt
1 1 1
1 +=sin 4 1+sin .4 1+sinm 7 =10
sim Al +sinm.4d) sinAdAll +sin.4) sinC (1l +sinC7)

That is. by putting sin .4 = sin B we see that, the given eguation is satisfied.
Similarly by putting sin B = sin ' and sin ' = sin 4, the given equation is satisfied.
Thus, wehave d =B oo B=Cor C=.4.
In all cases atleast two angles are equal Thus the triangle is isosceles.

M-13
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Example 7.27
(cos6 —sind 9 sing
Verify that | 4B |=| 4| |B|if 4=| > ] ,md3=[m5 - }

| siné  cos# —sinf® cos@

Solution

cosé# —sind|[ cosd sing
sinf  cosf ||—sinf cos# |

B [ cos® & +sin’ & cosﬁ'sinﬁ'—sint?cusﬂ

sin# cosé —cos@sind cos’ @ +sin’ @
1 0
= = |AB|=1 -1
[0 1] | AB | n
4] = cos B+sin’ @ =1
|B| = cos” #+sin’H=1.
| 4] |B|=1. --(2)

From (1) and (2). |AB[=[A4]| | B|

Example 7.28

0 ¢ B[ |B°+c° ab ac
Showthat (¢ 0 a| = ab c'+a*® bc
balo ab be a'+b
Solution
0 c bf |0 ¢ b 0 cb
IHS=|c 0 a| =|(c 0 a|=x|c 0 a
b a 0 b a 0 b a 0

0+t +5 0+0+ab O0+ac+0
=| 0+0+ab c+0+a Bc+0+0 |
O+ac+0 bc+0+0 B +a*+0

c+b  ab ac
=| ab c*+a® Bc |[=RHS.
ac be b +a
Example 7.29
2bc—a’ o b a b
Show that ¢’ 2ca—b° a =k ¢ a
B a 2ab—c* | |¢ a b
Solution
a b cf a b ¢ b e
RHS=|bs ¢ a| =|b ¢ a|x|b ¢ a
a b c a b c a
a b ¢ a b ¢
=|& ¢ a|x(-1))c a &|/[Inthe2* determinant R, <+ R,]
a b b c a
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a b ¢ -a b —-c¢
=|bk ¢ alzxle a &
c a b b ¢ a

Taking row by column method we get
-at+bc+ch —ab+ab+c® —ac+b +ac

r. ¥ ]
= |—gb+ec +ab b +ac+ac -bet+bo+a

2 2 2
—ac+ac+d —bct+a +bc —" +ab+ab

2be —a’ et b
= et ea—-bt a? =RHS.
Bt at 2ab—c?
Example 7.30
1 x x[f |1-2x —x* —x’
Provethat |x 1 x| =| —-x° -1 —-2x
x x 1 -x! - -1
Solution
x x| 1 x x 1 x x
LHS = 1 x| =|x 1 x|=x|x 1 x
x 1 x x 1 x x 1
1 x x 1 X x
= x| *x-DED—x -1 —x
X -x —x -1
O 1 I X
= x| % |-x -1 —x
x 1 -x -x -1

-2 =t —x*
=| —x* -1 x-2x

-x xX-2x -1
= RHS.

Example 7.31

If A.B..C, are the cofactors of a,.b..c,. respectively. i=1to 3 n

a b ¢ 4 B G
A/ =|a, b, e,|.showthat|4d, B, C,|=|4].
- a, b, e A4, B, C
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Example 7.31
If 4 B, C, are the cofactors of a, b, c, . respectively, i=1to31n
a b ¢ 4 B G
4| =|a, b, ¢,|.showthat|4 B, C|=/4F.
L a b oG 4 By G
Solution
a b oll4 B G
Consider the product |a, & | |4, B, G
aﬁ bS {:‘3 AS Bj Cj

a4 +b5B +0 a4 +hB +0C a4 +hB +00
= (a4 +5,8 +¢,C, a4 +bB,+c,C, a4 +bB +c,C,
a4 +58 +cC a4, +bB, +c,C, a4 +5B +c,C

4] 0 0
=0 [4] 0 [=|4f
0 0 |A
4 B G
Thatis, 4] x |4, B, C,|=|AF.
4 B G
4 B G
— |4, B, C|=|4F.
4 B G

Example 7.32
If the area of the triangle with vertices (— 3, 0), (3. 0) and (0. k) is 9 square units, find the

values of It .

Solution
x »n 1
Area of the triangle = absolute value of 2 X, ¥, 1)
x; ;1
-3 0 1
1 1
9=1=13 01 =‘;(—k}(—3—3)‘
0 k 1||

= 9 = 3| k| and hence, k== 3.

Example 7.33
Find the area of the triangle whose vertices are (— 2. — 3). (3. 2). and (— 1. — 8).

Solution
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LR
Area of the triangle = 2 x oy 1
Xy 1
—2 3 1
1 1
=3 2 1||==(-20+12-22)|=|-15[=15
2 2
-1 8 1
and therefore required area 1s 15 sq.units.
Example 7.34
Show that the points (a, b + ¢). (b. ¢ + a). and (¢, a + b) are collinear.

Solution
a b+e 1
To prove the given points are collinear, it suffices to prove |4 |=|b e¢+a 1|=0.
¢ a+b 1

Applying C,— C,+C, . we deduce that

a+b+ec b+e 1 1 b+e 1
Al=|la+b+ec c+a l|=(a+b+e)|l c+a l|=(a+b+c)x0=0

a+b+c a+b 1 1 a+b 1

which shows that the given points are collinear.




