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Chapter 8
Differentials and Partial Derivatives
Exercise Problems 8.1

Question 1.

Let f(x) = /. Find the linear approximation at x = 27. Use the linear approximation to v/27.2.

Solution:
1
@) = ¥z = x3 . we have,
_2 X, = 27
135 i Ax = 0.2
S@= g _ ()3 x=272
fxp=r27n =(27)"=3

.__2
fep=1'@n =30’

= E SamacheerKalvi.Guru

The required linear approximation L(x) = f(x,) +/" (xy) (x —xp)
1
Lix) =3+ — (x-27
() =3+ (x-27)
1
L(27.2) = 3+ — (27.2-27
(27.2) = 3+ = (272-27)

1
=3+ — (02
3+ 202
= 3+ 0.0074 = 3.0074 (approximately)

Question 2.
Use the linear approximation to find approximate values of
2
@ (123)3 @ 415 (@b 326
Solution:

,
(i) (123)3 =(125- 2)23

have,
Let f(x) =x2*'31 " avxe= 123
-1 = 125
f@ =253 2 N
3 fg=r125) =(125)3=25 Ax = -
2 o2y 2
)= 21253 =2{1]- 2
[ =3 (125)3 3(5] >

The required linear approximation L(x) = f(x,) + /" (x,) (x —x,)
L(x) = 25+ %{x— 125)

2
L(123) =25+ E (123 - 125)
4

2
=25+ —=(-2)=25- —
152 15

= 25-0.2667
= 24.7333 (approximately)
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@) s | ,
A i we have,
consider (15)4 = (16-1* x =15
1 X, = 16
4
Let f(x) =% Ax = -1
1 =3
fie) = zx* -*

fg) =f(16)= (16)" =2

-3
1, 03 1(1) 1
fsg=r16)= 5 (16)* = E[§J=£
The required linear approximation L(x) = f(x,) /" (xp) (x —x;))

L(x) = 2+ %(x— 16)

—2+ Ls—
L(1S) = 2+ (15~ 16)

1

= 2 —_——
32
= 2-0.03125
= 1.96875 (approximately)
! 1
3 3
iy 326 = (26) =(27-1)
1
consider f(x) = X° we have,
-2 x = 26
1 3 —
"x) = x3 Xy = 27
f1@ =3 1 %= 7

f)=f@n=(27)" =3

wy=fen=-+@7)d <L - L
Fx=r@n=3(27) 3(-;:} >

The réquired linear approximation L(x) = f(x,) + 1" (x) (x —x,)
1
L{x}) =3+ — (x-27
(x) 77 (x )

L(26) = 3+ % (26-27)=3 + % 1)

1

7
=3-0.037

= 2.963 (approximately)
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Question 3.

Find a linear approximation for the following functions at the indicated points.
(i) fx) = x® = 5x + 12, xg = 2

(i) g0) = Va2 +9 +x9 = -4

(i) h(x) = I—L Xg =1

Solution:

fxg) = f(2) = (2°-5(2)+12=8-10+12=10
flxg) =f(2)=3(2)?2-5=12-5=7

The required linear approximation L(x) = f(xg) + f'(xg) (x — xg)

=10+ 7 (x-2)
=10 + 7x— 14
=/x—4
(if) g = Jx?4+9; xy=—4
1 X
g'x) = —F/5— ()=
2Wxt+9 X +9
glxy) = g(-4)= J16+9 =25 =5
4 _ 4

g'(xg) = 25 =7
The required linear approximation L(x) = g (x,) + g (x,) (x —x;)

4
5 5(x+4)
g 4x 16 _9 4
5 5 5 5
0—4x
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i M) = = x =1
(#ii) (x) = 11 %T
(x+1)(1)—x(1)
h'(x) = 2
. (x+1)
h'(x) 1
x =
{.1|:+])2
1 1
h(x)=h(l) = —=—
G =h (1) 1+1 2
W) =K (1) = ——g =
: (1+1)* 4
The required linear approximation L(x) = A (x,) + h " (x;) (x —x,)
. ' 1 .
= —4+—(x-1)
2 4
1 1 x 1
= — ——— E — —
2 4 4 4 4
_ox+l
4
Question 4.

The radius of a circular plate is measured as 12.65 cm instead of the actual length 12.5 cm. find
the following in calculating the area of the circular plate:

(i) Absolute error

(ii) Relative error

(iii) Percentage error

Solution:

We know that Area of the circular plate A(r) = mir?, A'(r) = 2mr
Change in Area = A’ (12.5) (0.15) = 3.75m cm?

Exact calculation of the change in Area = A (12.65) - A (12.5)
= 160.0225m — 156.251

= 3.7725m cm?

(i) Absolute error = Actual value — Approximate value
=37725n-375™

= 0.0225 1 cm?
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(i) Relative error
(iif) Percentage error
Question 5.

Actual value — Approximate value
Actual value
3.7725n-375 =

37725 w
0.0225=n
377257
0.006 cm’
Relative error x 100
0.006 = 100

0.6 %

A sphere is made of ice having radius 10 cm. Its radius decreases from 10 cm to 9.8 cm. Find

approximations for the following:
(i) change in the volume

(ii) change in the surface area
Solution:

(i) We know that Volume of sphere

vir) = % T
Vi) = % :I't(3r2}
Vi(r) = 4mr?

Change in volume at r = 10 is

vV (r)[10 - 9.8]
47 (10)% (0.2)
81 cm’

~. Volume decreases by 80m cm?
(i) Surface area of the sphere

S(r) = 4m r?

S'(r) = 8mr

Change in surface area atr = 10 is
= S'(r) [10 - 9.8]

= 8m (10) (0.2) = 161 cm?

- Surface Area decreases by 161 cm?

we have
r=10cm
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Question 6.
The time T, taken for a complete oscillation of a single pendulum with length |, is given

by the equation T = 2TTV€, where g is a constant. Find the approximate percentage error in the

calculated value of T corresponding to an error of 2 percent in the value of 1.

Solution:
T = 2:'th
g
1
T = 2n [i]z
SamacheerKalvi.Guru
1
logT = log2n+ —log [iJ
2 g
1
logT = log2n+ 3 [log /- log g]
D.w.rto'l 1 T1
l £ = 0+ 5 I:E—O}
T d
. 11
: a - —-a
Percentageerror T 21
11
—EXIOU = —.-dl=100
T 21

(Butdl =0.02 ) 11
= 5(?] .(0.020) x 100

= 1%
Question 7.
Show that the percentage error in the n' root of a number is approximately % times the
percentage error in the number.
Solution:

Let x be the number
1

Yy = fo= (x)"
logy = llngx
D.w.rto'x f
1 _ 11
y dx n' X
¥ nox
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Exercise 8.2

Question 1.
Find differential dy for each of the following functions:
1-2x
@ r= “( x) (@) y = (3 + sin(2x)* Gy = €5+ cos (3 - 1)
SolLuon
_(l—2x}
D r=5a
& - (3-4x)3(1-2x)( :z)2 (1-2x)"(—4) &
(3-4x)
2
(ie.) dy = wf[-ﬁﬁ—ﬂlx)+4(l—2x)] dx
(3-4x)
. (1 (8x—7)(1-2x)
.e., = 16x— de=2
Ge) {(3 4x}[ 14) (3-4x)*
& - 2(8x-7)(1- Zx} &
(3- 4x)
2
@ y = (:3+sin(2x):]3

dy = [—2-[3+sin(2x)]-3~ [(cos2x)(2)]]dx
(3+sin2x) (cost)]

;
o=

3+sin 2x SamacheerKalvi.Guru
5 exz 5""‘7cos(x2—l)
dy = {e "5"” —sin(x - 1)(2x) ] 1)[e $x+7 (9 5]}dx
dy = {57 2xsin(x? -1)+ (20 5) s(x* - 1)]}dx
dy

= ¢ ‘5”7{(2): 5)cos(x —l) 2xsin(x2—-1)}dx

M-=7
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Question 2.

Find df for f(x) = x% + 3x and evaluate it for
((}x=2anddx =01

(ii) x = 3 and dx = 0.02

Solution:

y = f(x) = x2 + 3x

dy = (2x + 3) dx

(i) dy {when x = 2 and ate = 0.1} = [2(2) + 3] (0.1)
=7(0.1) = 0.7

(ii) dy {when x = 3 and dx = 0.02} = [2(3) + 3] (0.0.2)
=9(0.02) = 0.18

Question 3.

Find Af and df for the function f for the indicated values of x, Ax and compare
M fE)=x>-2x*;x=2Ax=dx =05

(i) fx) = x% + 2x + 3;x = -0.5, Ax = dx = 0.1

Solution:

(i) y = f(x) = x> — 2x?

dy = (3%% - 4x) dx

dy (when x = 2 and dx = 0.5) = [3(2%) - 4(2)] (0.5)

= (12 - 8)(0.5) = 4(0.5) = 2

(ie,)df =2

Now Af = f(x + Ax) — f(x)

Here x = 2 and Ax = 0.5

f(x) = x> — 22

So f(x + Ax) = f(2 + 0.5) = f(2.5) = (2.5)° - 2 (2.5)% = (2.5)? [2.5 - 2] = 6.25 (0.5) = 3.125
fx) =f(2) =2°-2(29)=8-8=0

So Af =3.125-0=3.125
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(i) y = f(x) = x2 + 2x + 3

dy = (2x + 2) dx

dy (whenx = - 0.5 and dx = 0.1)

= [2(-0.5) + 2] (0.1)
=(-1+2)(0.1)=(1)(0.1) =01
(i.e.) df = 0.1

Now Af = f(x + Ax) — f(x)

Here x = -0.5 and Ax = 0.1

x2 + 2x + 3

flx + Ax) = f(-0.5 + 0.1) = f(-0.4)

= (-0.4)? + 2(-0.4) + 3
=016-08+3=316-08=236
f(x) = f(-0.5) = (-0.5)% + 2(-0.5) + 3
=025-1+3=325-1=225
SoAf=1fx+Ax)-f(x) =236-2.25=0.11

Question 4.

Assuming logig e = 0.4343, find an approximate value of log1g 1003.
Solution:

To find log 1003

1003 = 1000 + 3 and

log 1000 = 3

Lety = log x

dy = Ld
X

Here x = 1000 and dx = 3 = 3 logyge
1
Sody=—— [3 x0.4343 0.0013029
. dy 1000 [ ]

Now y + dy

log 1000 + dv
3 +0.0013029
3.0013029
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Question 5.

The trunk of a tree has diameter 30 cm. During the following year, the circumference grew 6 cm.
(i) Approximately, how much did the tree’'s diameter grow?

(i) What is the percentage increase in area of the tree's cross-section?

Solution:

(i) Given r = 15 cm and rate of change of perimeter = 6 cm

To find the rate of change of diameter

Now perimeter = p = 2mr

So dp = 2mdr

Here dp = 6 cm (given)

=6 = 2ndr
= —6— = dr(ie,) dr= i
2n 3 T
(i.e.,) rate of change in radius = or= —
s

6
! so rate of change in diameter = d (2r) = 2dr =2 x % = P cm

(i) A = m?
NowdA = m(2r)dr
= 2mrdr
dA 2mrdr 2dr
§0 — = = —
A e r
3
2 -
r(=15) 15m 5m
dA
so % error = —x100
A
- Z.00-%0
Sm T

M-=10
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Question 6.
An egg of a particular bird is very nearly spherical. If the radius to the inside of the shell is 5 mm and

radius to the outside of the shell is 5.3 mm, find the volume of the shell approximately.

Solution:
4
v = -
3

dv = %ﬂ(Srzldr
Here r = Sem and dr = 0.3 .
s0 dv

4 3
=n(25)—
3 { }10
= 30n mm°

Question 7.

Assume that the cross section of the artery of human is circular. A drug is given to a patient to dilate
his arteries. If the radius of an artery is increased from 2 mm to 2.1 mm, how much is cross-sectional

area increased approximately?

Solution:
Area of circle = A = mir’.
So dA = n(2r)dr
(i.e.,) dA = 2nrdr
(Here r = 2mm and 4r = 0.1 mm) .
sodA = 2m(2)(0.1)=04n

Question 8.
In a newly developed city, it is estimated that the voting population (in thousands) will increase
according to V (t) = 30 + 12t - t3, 0 < t < 8 where t is the time in years. Find the approximate

change in voters for the time change from 4 to 4% year.

Solution:
v = 30+122 -7 0<r<8
So dv = (24t-32)dt
Here = 4auddr=%
So dv = [24{4}-3(42)]-:;

1 48
(96— 48) ==~ =8 (in thousand) = 8000
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Question 9.

The relation between the number of words y a person learns in x hours is given by y = 524/z, 0 < x
< 9. What is the approximate number of words learned when x changes from

(i) 1 to 1.1 hour?

(ii) 4 to 4.1 hour?

Solution:
y = 52Jx
1 26
= 52| —=dx |=—=dx
Y [2JE ] Jx
(i) dy(whenx=1anddx = 0.1 hr)
= E(01]]-26 3 ds
7@ . WOr
(if) dy (whenx=4anddx = 0.1 hr)
26 26
= — (0.1)=— (0.1
7 OD=7 o
= 13(0.1)=1.3 ~ 1 word
Question 10.

A circular plate expands uniformly under the influence of heat. If it's radius increases from 10.5 cm
to 10.75 cm, then find an approximate change in the area and the approximate percentage change
in the area.

Solution:

Here radius is changing from 10.5 cm to 10.75 cm

= r=10.5cm and dr = 0.25 cm

Now area = A = mr?

=dA=m(2r)dr

(i) So dA

(when r = 10.5 cm and dr = 0.25 cm)
=11 (2 x 10.5) (0.25)

=525m
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(i) So dA
(when r = 10.5 cm and dr = 0.25 cm)
=1 (2 x 10.5) (0.25)

=5.25m
. . dA
(if) Percentage error in Area = I—x 100
(ie.,) - Here dA = 2nrdr
A = n?
dA 2rnrdr 24y
Sﬂ —_— = _2 =
A r r
dA
e % 100 (when r = 10.5 and dr = 0.25 cm)
2(0.25
= ux]m
10.5
= 4.76%
Question 11.

A coat of paint of thickness 0.2 cm is applied to the faces of a cube whose edge is 10 cm. Use the
differentials to find approximately how many cubic centimeters of paint is used to paint this cube.
Also calculate the exact amount of paint used to paint this cube.

Solution:

(i) v =a’

sodv = a’da

dv (when) a = 10 cm and da = 0.20 cm
= 3(109) (0.2)

300 x 0.2 = 60 cm?

Actual paint used = vatx + Ax =10.2 and x = 10 cm
—atatx+ Ax=102andx = 10
= (10.2)% - (10) = 61.2 cm?
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